The stability of the flux line lattice has been investigated with anisotropic London theory. By calculating the normal modes of the elasticity matrix, it has been found the lattice is stable at large fields, but that instabilities occur as the field is reduced. The field at which these instabilities first arise, b * (ǫ, θ), depends on the anisotropy ǫ and the angle θ at which the lattice is tilted away from the c-axis. These instabilities initially occur at wavevector k * (ǫ, θ). The dependence of k * on ǫ and θ is not understood, but the component of k * along the average direction of the flux lines, k z , is always finite. For rigid straight flux lines, the cutoff necessary for London theory has been 'derived' from Landau-Ginzburg theory, where the shape of the vortex core is known.
I. INTRODUCTION
The existence of novel flux-line structures in high-T c superconductors has led to intensive investigation of the mixed-state of these materials. Unusual structures have been observed in Bitter pattern experiments on YBCO [1] [2] and BSCCO [3] [4] when the applied magnetic field was tilted away from the c-axis. In YBCO, the 'chain' state was observed [1] [2] where the anisotropy of the material causes the usual repulsive flux-line interaction to become attractive within the tilt plane (the plane containing the magnetic field and the c-axis). The chain state had been predicted within the framework of the London approximation [5] [6] . In some of the experiments [2] the chains of flux lines were seen embedded in an approximately triangular flux-line lattice, but it is believed the presence of the lattice was due to pinning of the flux-lines. In BSCCO, similar structures of chains embedded in a lattice were also seen [3] [4] , but the dependence of the flux-line spacings on the tilt angle and magnetic field were different from those in YBCO, implying these structures may be created by a different mechanism. Possible explanations for the flux line structure seen in BSCCO have been proposed [7] [8] . It was suggested there existed inter-penetrating flux-line lattices, one orientated approximately parallel to the c-axis while the other is orientated approximately parallel to the ab-plane. Within the framework of the London approximation, it has been shown that provided the anisotropy is large enough there is more than one possible angle at which the flux lines initially enter the sample [8] .
The mixed state for isotropic superconductors is a periodic triangular array of straight flux-lines [9] . In uniaxially anisotropic superconductors it was predicted [10] [11] the flux lines would form a distorted triangular lattice, where the spacings between the flux lines depend on the strength of the magnetic field B and the anisotropic mass ratio M z /M. This distorted triangular lattice has been observed in YBCO using small angle neutron scattering [12] .
The stability of this distorted lattice against elastic deformations has been studied extensively within London theory. Sudbo and Brandt [13] showed that at large anisotropy M z /M ≫ 1 and small magnetic induction b = B/H c 2 ≪ 1 the energy associated with a pure shearing mode of the flux lattice can become negative. The existence of a tilt-wave instability, k = (0, 0, k z ), was demonstrated by Sardella and Moore [14] and confirmed by Nguyen and Sudbo [15] , who both employed the same cutoff procedure. In this paper we investigate the stability of the distorted triangular lattice at a general wavevector k = (k x , k y , k z ). For instabilities of non-zero k z the form of the cutoff used within the London theory is crucial. This is the first investigation of a k z dependent instability using the cutoff proposed by Brandt [13] . The lattice is found to be stable at large fields, whereas for the cutoff procedure of [14] and [15] the instability exists at all fields. As the field is reduced, the instability initially seen has non-zero k z . The field at which the instability first occurs b * (ǫ, θ) depends on the anisotropy ǫ, and the angle θ at which the lattice is tilted from the c-axis. However, the range of angles θ 1 < θ < θ 2 over which the flux lines cannot be orientated. We have seen, in the same geometry as Nguyen and Sudbo, that for small fields the distorted triangular lattice also cannot be orientated over a range of angles θ 1 < θ < θ 2 . But the angles θ 1 and θ 2 depend on the magnetic field, and as the field is increased the effect disappears. The effect always disappears at fields smaller than those at which the lattice becomes stable. i.e.
the elastic instability associated with a general k deformation seems to be a more dominant effect than the restriction on flux lattice orientations.
II. LONDON THEORY
A convenient theory to describe the low-field magnetic properties of high-T c superconductors is London Theory. In the isotropic form, this theory just depends on one parameter, the penetration depth λ. To allow for the anisotropy of the HTSC compounds, the square penetration depth λ 2 is replaced by the tensor λ important, the Lawrence-Doniach model [16] should be used. However, over a large range of temperature, the interlayer spacing may be much smaller than the coherence length perpendicular to the layers ξ c . When this occurs, and the layered structure becomes irrelevant, the continuum version of the effective mass model may be used.
The London free energy can be written as
where A is the vector potential of the magnetic field H = ∇ × A, ϕ is the phase of the order parameter, Φ 0 is the flux quantum, and Λ −1 is the inverse of the square penetration depth tensor Λ. The magnetic induction B is the average magnetic field B = H = Bẑ. London theory is a good approximation at low induction, B < 0.2H c 2 [17] , where the cores do not overlap strongly.
In general, the B field is not aligned with the crystal axis, and we chose our coordinate system such that the B field lies in the X − Z plane and is tilted away from the c-axis by an angle θ. It is then convenient to use the 'vortex' coordinate system (xyz). This is obtained by rotating the crystal frame (XYZ) by an angle θ around the Y-axis, see Fig[1] . In the vortex coordinate system, the square penetration depth is given by Λ αβ = Λ 1 δ αβ + Λ 2 c α c β where
, and c α is the α component of the unit vectorĉ in the vortex frame.
It is possible to write the free energy (1) in a simpler form. Minimizing (1) with respect to the vector potential A, and then taking the curl of the equation, we obtain the London equation
It is possible to derive this equation from the Ginzburg-Landau equations, assuming the order parameter has constant magnitude. The right hand side of the London equation 
Using this potential, the London free energy (1) may now be written as
The convention of summation over repeated indices is assumed. Written in this form, the free energy can be seen as consisting of two parts, the self energy terms (i = j) and the interaction terms (i = j).
The Fourier transform of the potential
where q = k ×ĉ. From equation (5), we see that the potential decays only as 1/k 2 as k → ∞, implying that H (r) is singular at r = r i . The singularites in H (r) are due to the absence of the vortex cores from London theory. A convenient way to circumvent the problems associated with the divergences is to introduce a cutoff into the London potential
This is equivalent to replacing the delta function in the London equation (2) with a short ranged function S (r − r i ). By making this short ranged function a gaussian, of width √ 2ξ ab along a and b and width √ 2ξ c along c, the cutoff becomes [17] S (k) = exp −2g(k)
This provides an elliptical cutoff at large k ⊥ = (k x , k y ), as required from the shape of the core in Ginzburg-Landau theory [21] . (The factor 2 in the exponential of S(k) is just convention.) The exact form of the cutoff is of some debate. For straight rigid vortices the form of the cutoff can be derived from the shape of the core within Ginzburg-Landau theory [21] . However, the cutoff in equation (7) depends on k z , the component of k in direction of the B field. Sardella and Moore [14] and Nguyen and Sudbo [15] investigated the tiltwave instabilities of the distorted triangular lattice using a cutoff that depended only on
equation(7). Sardella and
Moore found quite different instabilities than those in this paper, (e.g. they occur in different modes of the elasticity matrix). We believe the cutoff in equation (7) is more physical, as it does not depend on being able to specify k ⊥ . That can only be done by reference to the average direction of the flux lines, i.e. B, but it is hard to believe that the cutoff should be sensitive to this overall average direction.
Some authors do not use a cutoff function S(k), but instead introduce an upper limit on any integrations over k. In most situations, if the symmetry of the upper limit introduced is the same as the cutoff function S(k), then similar results are obtained [15] . However, in some situations there are marked differences as points in k-space are either just in or just out of integration range associated with the sharp cutoff [22] .
In a large B field, the minimum free energy configuration is a periodic array of straight flux lines with triangular symmetry, dr α i /dz =ẑ. The basis lattice vectors are R 1 = aγx and 
III. ALLOWED ORIENTATIONS OF THE LATTICE
We consider a cylindrical superconducting sample, with the applied field H perpendicular to the axis of the cylinder, and tilted at an angle φ away from the crystal c-axis, see Fig[2] .
Within this geometry, the Gibbs free energy for a system of rigid straight flux lines, tilted at (a different) angle θ is
Using the London approximation (4), the free energy F of the flux lines is
where λ 
where
As the field is increased, any nonmonotonicity is reduced until a monotonic relationship between θ and φ is obtained at b θ , see Fig(3 were calculated using the same method used by Nguyen and Sudbo [15] , where the sum over reciprocal lattice vectors is replaced by and integral over k ⊥ . The extent of forbidden θ is reduced by decreasing the anisotropy. Also, once the field is increased above b θ there is a monotonic relation between θ and φ and all possible flux lattice orientations are possible.
IV. ELASTIC THEORY OF FLUX LINE LATTICE
The minimum free energy configuration of the flux lines has been assumed to be a periodic array with triangular symmetry. To check this assumption, the change in the free energy associated with small displacements s α (R i (z)), α = (x, y) from the equilibrium lattice R i = nR 1 + mR 2 can be derived [23] [24] . Keeping terms only to second order in the displacements s α (R i ) the change in the free energy is
where the integration over k ⊥ = (k x , k y ) runs over the first Brillouin zone and over k z on the interval (−∞, ∞). The elasticity matrix is
Assuming the distorted triangular equilibrium lattice described above, we have investigated whether the normal modes of the elasticity matrix Φ αβ (k) always remain stable i.e.
the eigenvalues of Φ αβ (k) are positive, or whether in some regions of the Brillouin zone the normal modes become unstable.
The existence of unstable modes has been observed by various authors [13] [14] [15].
Sudbo et al observed that as the magnetic field was reduced the normal modes became unstable for a configuration of rigid flux lines (i.e. k z = 0). These unstable modes for small fields was suggested to be the signal of the lattice reconstructing to an equilibrium configuration with lower energy. Sardella and Moore observed tilt wave instabilities (k x = k y = 0, k z = 0), but the cutoff did not depend on k z . It was suggested that the use of the cutoff (7) the instability would disappear [20] . For k = (0, 0, k z ) the elasticity matrix is diagonal, and the instability calculated by Sardella and Moore was associated with Φ yy becoming negative. Upon repeating the calculation of Sardella and Moore with the cutoff (7), the eigenvalue Φ yy remained positive. However, Φ xx became more unstable, and as the field is reduced, the flux line is unstable even as k z → 0. Nguyen et al [15] recently confirmed this by calculating the normal modes of rigid flux lines in the limit b = 0.
The instability observed by Sudbo and Brandt was a small field instability. The lattice was stable at large fields and became unstable to a k = (k x , k y , 0) deformation as the field was reduced. Repeating this calculation, but allowing k z = 0 it was found that as the field is reduced the lattice initially becomes unstable at finite k z . These unstable modes correspond to displacements of the lattice approximately parallel to the x-axis, and we call it the 'staircase' instability to distinguish it from other instabilities observed. As the anisotropy is reduced, the field at which the unstable normal modes begin to appear, b * , decreases, (See Fig[5a] ). The explanation of the behavior of the actual wavevector where the instability first appears, k * is not obvious to us. The components of k * are shown in Similar behavior is seen at a different orientation of the lattice. Fig[5d] shows the field at which which the instabilities occur for θ = π/4. The anisotropy of the material must be larger than a critical value for the instabilities to be seen. This anisotropy was found to be small, 1/ǫ ≈ 1.4.
The distinction between staircase and transverse instabilities can also be seen by varying the orientation of the flux lattice. Choosing a large value of the anisotropy (ǫ = 1/60), the staircase instability is seem for π/4 < θ < π/2 ; see Fig[6a] . The components of k vary smoothly as θ is varied, Fig[6b] and Fig[6c] . The lattice is stable for θ = π/2, but for very small deviations from π/2 an instability is seen at (k x ,0,k z ). As θ is reduced k ⊥ = (k x , k y ) tends to the zone edge. Here there is a shift in k ⊥ and an associated change in sign of k z .
This is an abrupt change and k z = 0 anywhere. This is because we have restricted k * to the first quadrant of the first Brillouin zone and have used Φ αβ (k) = Φ αβ (k + Q) = Φ αβ (−k).
Decreasing the angle further, k ⊥ slowly decreases until the transverse instability again occurs at b ∼ 2 × 10 −4 and θ ∼ π/4. For a smaller value of the anisotropy, (ǫ 2 = 1/60) the staircase instability is not observed at any orientation of the flux lattice. Only the transverse instability is seen, but the abrupt change in sign of k z is again observed at θ ≈ π/3.
In the previous section it was shown that the distorted triangular lattice cannot be orientated over a range of angles θ 1 < θ < θ 2 at small b. In Fig[7] we compare the field at which the instabilities first occur (Fig[6a] ) and the field at which the orientation of the lattice is allowed (Fig[4] ). In the geometry used, the elastic instabilities occur in a region where the region where the orientation of the lattice is allowed. The nonmonotonicity of θ with φ never occurs as it based on an assumption (distorted triangular lattice) that has already broken down.
The parameters chosen in this paper (ǫ = 1/60, κ = 50) were chosen to give some insight into the behavior of BSCCO. While the exact value of the anisotropy in BSCCO is unknown, the values used in this paper are similar to those used in other papers [13] [14]
[15]. The larger value of ǫ that has also been used, ( However, it should be noted there are still problems associated with Brandt's cutoff in the limit k z → ∞. Once in the region where k z forces S (k) ≪ 1, the elasticty matrix (15) will be dominated by − Q f αβ (Q). While Φ xy is zero, the eigenvalues of the elasticity matrix are negative, showing London theory is always unstable at all fields and at angles.
However, these instabilities occur at values of k z ≈ O(1/ξ) and are unphysical, as they clearly lie outside the domain of validity of the London approximation. Ideally it would be good to have an approximation which led to no instabilities of any kind, but we have been unable to derive one.
When the applied field is tilted away from the crystal axis, the B-field and the applied field H are not parallel. In Section(III) it was seen that for small fields and large anisotropies there existed a nonmonotonic relationship between the angle θ at which the B-field is tilted away from the c-axis, and the angle φ at which the applied field is tilted. As the field is increased the nonmonotonicity disappears, but in the nonmonotonic regime there exist orientations of the flux-line lattice which are not allowed. For the geometry used, Fig[7] shows the elastic instabilities occur at orientations of the lattice which can occur. The elastic instabilities of the flux line lattice are more important than the exclusion of lattice orientations, as the nonmontonicity of θ with φ is based on an assumption (distorted triangular lattice) that has already broken down. This is in contrast to the calculation of Nguyen and Sudbo, but it is difficult to guess whether this would be true with a more realistic experimental geometry.
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This work was funded by EPSRC grant GR/J60681. (Fig[6a] ) with the field at which the lattice may be orientated b θ (Fig[4] ). At a given angle, the elastic instabilities occur in the region where that orientation of the lattice is allowed. Arrows indicate the range of angles forbidden at b = 0. As the elastic instabilities occur first, the calculation of the restriction on the orientation of the B field cannot be trusted. Fig [7] 
